THE BOHNENBLUST-HILLE INEQUALITY FOR REAL HOMOGENEOUS 
POLYNOMIALS IS HYPERCONTRACTIVE AND THIS RESULT IS OPTIMAL 
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Abstract. It was recently shown that the optimal constants satisfying the multilinear Bohncn- 
blust-Hille inequalities (real and complex) have a subpolynomial growth; as a consequence, A. 
Montanaro provided striking applications of this fact, for the case of real scalars, to Quantum 
Information Theory. In this paper, we show that contrary to the case of multilinear mappings, 
the optimal constants for the polynomial Bohncnblust-Hille inequality for real scalars do not 
have a (sub)polynomial growth. In fact, as the title of this paper states, we show that the 
polynomial Bohnenblust-Hille inequality (for real scalars) is hypercontractive and, moreover, 
this result cannot be improved. For complex scalars the hypercontractivity of the polynomial 
Bohncnblust-Hille inequality was recently proved by Defant, Frerick, Ortega-Cerda, Ounaics, 
and Seip (Annals of Mathematics, 2011). The optimality of this result for complex scalars, 
however, remains still open. Our proof of the hypercontractivity is presented in a simple form, 
employing an old result on complexifications of polynomials. We also introduce a technique, which 
is a combination of the Krein-Milman Theorem together with a description of the geometry of 
the unit ball of polynomial spaces on i^, to generate lower bounds for the constants in the 
Bohnenblust— Hille inequality. 



1. The polynomial Bohnenblust— Hille inequality 

1.1. Complex Scalars. The polynomial Bohnenblust-Hille inequality appeared in 1931 [5] as a 
crucial tool for solving the famous Bohr's radius problem (see, also, [31I41 I1ThT3] L This inequality 
asserts that there is a constant Dc, m > 1 so that 

(1-1) ( E <Dc,m\\P\\ 

\|«|=m / 

for all m-homogeneous polynomials P : £^ (C) — > C given by 

P(z) = E 

\a\—m 

The original estimates of Dc,m presented a very "bad growth" (of order to™ 1 ) and only very 
recently Defant, Frerick, Ortega-Cerda, Ouna'ies and Seip [5] proved that this inequality is hyper- 
contractive: 

/ 1 \ m_1 / 

(1.2) D c>m < ( 1 + — — ■ J y/m\V2) for to > 2. 
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The above result has several specific applications in Harmonic Analysis and Dirichlet Series, 
as shown in [9]. The visible lack of interest in the real scalar version of the Bohnenblust-Hille 
inequality was probably due to the lack of potential applications for the last 80 years. 

1.2. When Quantum Information Theory comes into play. Let K be the real or complex 
scalar field. The multilinear Bohnenblust-Hille inequality asserts that there is a constant Cx,n 
(depending only on n and K) such that 



for all continuous n- linear forms A on £^ (K) x ■ • • x £^ (K). 

The Bohnenblust-Hille inequalities (multilinear and polynomial) for real scalars have recently 
been investigated thoroughly (see, e.g., [U1[T71[IE 26, 30-32 ). For example, it was proved that for 
the multilinear case the optimal constants of the Bohnenblust-Hille inequality have a subpolynomial 
growth (for both real and complex scalars) |31j . 

In 2012, the panorama of applications changed when A. Montanaro [25] provided explicit applica- 
tions to Quantum Information Theory of the hypercontractivity of the constants of the multilinear 
Bohnenblust-Hille inequality for real scalars. Montanaro's work shows, contrary to what was be- 
lieved in the past, that the study of the growth of the constants in the case of real scalars also has 
crucial applications. 

1.3. Summary of the results. In general, the constants for the case of real scalars seem to be 
bigger (although this result is still not known) than the constants for the complex case (see |32j). 
Thus, the hypercontractivity of the polynomial Bohnenblust-Hille inequality is not, at all, any 
direct consequence of the case of complex scalars. 

One of the goals of this paper is to stress the fact that the polynomial Bohnenblust-Hille in- 
equality for real scalars is also hypercontractive. Moreover, we also show that this hypercontractive 
growth cannot be improved in any possible way. Also, we shall introduce a technique (which is a 
combination of the Krein-Milman Theorem together with a description of the geometry of the unit 
ball of polynomial spaces on ) to generate lower bounds for the constants in the Bohnenblust-Hille 
inequality. A combination of the above results provides a very good estimate for the hypercontrac- 
tivity constant of the polynomial Bohnenblust-Hille inequality for real scalars. In this direction we 
show that the hypercontractivity constant £Zr of the polynomial Bohnenblust-Hille inequality (for 
real scalars) is such that 



if only sufficiently large values of m are considered. 

2. The polynomial Bohnenblust-Hille inequality: The real case and "bad" 

constants 

It is well-known that the multilinear Bohnenblust-Hille inequality holds for real scalars. In this 
section we present the canonical approach, which shows that the constants involved grow very 
rapidly. Let us introduce some notation and a few basic results. 




1.495 < H M < 3.296. 



Moreover, given any e > 0, then 



H R < 2V2 + E < 2.829, 
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Given a — (ai, . . . , a n ) € (N*) n , define |a| := a% + ■ ■ ■ + a n and 



m 



a I u\ ! • • • i 



for |a| = meN*. Also, x Q stands for the monomial x" 1 ■ ■ ■ x" n for x = (x\, . . . , x n ) € K n . We 
define the space V( m (2o) °f the m homogeneous polynomials on K", with K = R or K = C, as 
the space over K generated by the monomials x Q such that a <E (N*) n and \a\ = m. A standard 
algebraic result states that for each polynomial P € P( m ^o) (real or complex), there exists a unique 
symmetric m-linear form L on ••■ xt^, called the polar of P, such that P(x) = L(x, .™.,x) 
for all x s K™. If P e P( m ^o) an d ^ i s its polar, then we define the canonical norm of P and L, 
respectively by 

||P||=sup{|P(x)| : llxHoo < 1}, 

||L|| = sup{|£(xi, . . . ,x m )| : Hxklloo < 1 for k = 1,.. .,m}, 

where || • is the usual ioo norm on K n . 

Having all this in mind, a straightforward consequence of the multinomial formula yields the 
following relationship between the coefficients of a homogeneous polynomial and the polar of the 
polynomial (this lemma appears in |10j and it is essentially folklore). 

Lemma 2.1. If P is a homogeneous polynomial of degree m on K n given by 



and L is the polar of P , then 



P{x\ 7 ■ ■ • , x n ) — ^ y d a X , 

\a\—m 



L(e ai e an \ - — 



where {ei, . . . , e n } is the canonical basis o/K™ and e^ k stands for e/c repeated ak times. 

The following proof of the polynomial Bohnenblust-Hille inequality is a special case of [T51 
Lemma 5], but we present it here for the sake of completeness of this paper. 

Theorem 2.2 (Bohnenblust-Hille inequality: Polynomial case and constants in the mathematical 
"folklore" ) . If P is a homogeneous polynomial of degree m on R n given by 

P(xi, • ■ • , Xyi) — ^ G a X , 
\a\—m 

then 

( ]T <p> R , m ||P|| 

\\a\=m J 

with 



4 



CAMPOS, MUNOZ, PELLEGRINO, AND SEOANE 



Proof. From Lemma |2. II we have 

E \°.\** = E ((") 



|a|— m m 



X ^ / 771 \ m + 1 2m 

E J |£(e?S...,e^)|^ 



.a. 

\a\—m 

However, for every choice of a, the term 

|L(e?V..,e^)|£fr 

is repeated (™) times in the sum 

E \ L (e ll ,...,e lm )\' 

ii ,. . .,i m = 1 



Thus 



2m 

EC)^w E (ZVik^-^ 

a I 

and, since 



< ml 



we have 



EL) \L(e?,...,e2>)\*fr<(ml)^ E l^n, • • - , Ol^ 

a| — m 

We finally obtain 



OL 

\a\=m ii,...,i m =l 



m -1 



E Kl m+1 < (m!)^ E \L(e ii: ...,e 

\a\=m J \ ii,...,i m =l 



7 ■ • ■ i D « m y i m+1 



= (m!)"™ E l%.-,OI' 

\ ii ,...,i m =l 

< (m!)T^C,, lTO ||L||. 



On the other hand, it is well-known that 

\\L\\<—\\P\\ 
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and hence 



E <Cu, m (m\)^ — \\P\\ 

.\a\—m 



m 

CR. m 



(ml)' 

□ 



Even if we use the best known values for Cr jI71 , the following table shows that the estimates for 
D-R.m are, actually, not good at all: 



m 


C R , m ([32], 2012) 




3 


ps 1.7818 


ps 14.5698 


4 


2 


ps 70.2486 


5 


ps 2.2974 


ps 406.048 


G 


2.5198 


ps 2,532.23 


7 


2.6918 


ps 16,984.6 


8 


ps 2.8284 


ps 121,803 


9 


ps 3.0548 


ps 964, 757 


10 


ps 3.2490 


ps 8.01459- 10 6 


25 


ps 5.1366 


ps 3.63114- 10 22 


100 


ps 10.5101 


ps 1.76504- 10 121 


500 


ps 23.9012 


ps 4.85435 • 10 782 


1,000 


ss 34.4078 


ps 2.82183- 10 1 ' 716 



3. The Bohnenblust-Hille inequality for real polynomials is hypercontractive 

Our argument is quite simplified by the use of complexifications of polynomials. In particular 
we are interested in the following result due to Visser [36], which generalizes and old result of 
Chebyshev: 

Theorem 3.1 (Visser, [36], 1946). Let 

P(yi,...,y N ) = E Mf-C 

|a|<fc 

with a = (ai, . . . , aw), |a| = ai + • • • + otN, be a polynomial of total degree at most k € N in- 
several variables (yi, . . . , yjv) and with real coefficients. Suppose Pk is the k-homogeneous polynomial 
defined by 

P k {yi,...,y N ) = E a aVi 1 ■■■Vn N - 

\a\=k 

Then we have 

max \Pk(zi, . . . ,z N )\ < 2 fc ~ 1 ■ max |P(xi, . . . , x N )\. 
\zi\=—=\xtf\=i x 1 ,...,x N e[-is] 

In particular, if P is homogeneous, then 

max \P(zi, . . . , 2w)| < 2 fc ~ 1 • max \P(xi, . . . ,xjy)\, 

|zi|=--- = |zjv| = 1 x ly ...,x N E[-l,l] 

Moreover, the constant 2 k ~ 1 cannot be replaced by any smaller one. 
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Let us recall that the previous result was generalized by Munoz, Sarantopoulos and Tonge [2"51 
Proposition 16] for polynomials on a real Banach space using any natural complexification procedure 
(see |28j for a complete account on complexifications of polynomials) . Other results concerning the 
norm of the complex extension of a homogeneous or a non-homogeneous polynomial can be found 
in p^ rT9l[22| f34ll35] just to mention a few. 

Let P : £^ (R) — > R be an m-homogeneous polynomial 

P(x)= E a a x a 

\a\—m 

and consider the complexification Pc : £^ (C) —> C of P given by 

Pc(z) = a ^ a - 

\oi\—m 

From Theorem 13.11 above we know that 

||Pc||<2 m - 1 ||P||. 

We thus have, from ([TTT]) and (JO), 



1 \ m_1 / ^\ rn - 1 



\Pc. 



\ot\=m 



Therefore applying Theorem 13711 and the facts that (l + j) k < e and 0= < a fe for all fc € N with 



fl = Vf^' then 



i \ m_1 / ^V"- 1 



| a | — m 



IPII 



< ^(2V2) m • ||P|| 

< (2V2a) m ||P||. 

Observe that 2\[2a < 3.352. This hypercontractive estimate on the growth of Dg.,m can be slightly 
improved by considering better estimates than (|1.2p for small values of m. We will do this later on. 

4. Hypercontractivity for real scalars can not be improved 
The following result asserts that the hypercontractivity in the real case cannot be improved: 

Theorem 4.1. The growth of the polynomial Bohnenblust-Hille inequality for real scalars cannot 
be better than hypercontractive. Moreover, 

\ m 

^r) >(L177)m 

for all positive integers m. 
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Proof. Let m be an even integer. Consider the m-homogeneous polynomial 

PmipXi • - • > = (2*1 2-2 x l x 2) (^3 2^4 x 3 x a) ' ' ' {x m —\ X m + 2; m _iX m ) 

Since HP2II = 5/4, it is simple to see that 

||P m ||=(5/4) m / 2 . 
From the Bohnenblust-Hille inequality for P m we have 

J2 Kl^ 1 j <D*,m\\Pm\\, 

\a.\=m 

that is, 

m + 1 m + 1 ™ 

(3*)^ (V3) 2 2^A 

i^K.m ^ m > m > /=" 

(!) T (i) T v^; 

Now let us suppose that m is odd. Keeping the previous notation, consider the m homogeneous 
polynomial 

Q (Xl,—,X 2m ) = (x 2m + X2m-l) Pm-1 •••! X m -\) + ( x 2 

So we have 

*(sr>(sr- 



□ 



5. Improving the lower bounds for Dm. m : some technical background 

The following result is crucial for our goals: 

Theorem 5.1 (consequence of the Krein-Milman Theorem). If C is a convex body in a Banach 
space and f : C — > R is a convex function that attains its maximum, then there is an extreme point 
e G C so that /(e) = max{/(x) : x G C}. 

This consequence of the Krein-Milman Theorem (\2'S\) provides good lower estimates on the 
constants when it is combined with a description of the geometry of the unit ball of a polynomial 
space on ^™ . The problem of finding the extreme points of the unit ball of a polynomial space has 
been largely studied in the past few years. In particular, the following results will be particularly 
useful for our purpose. 

Theorem 5.2 (Choi, Kim [5]). The extreme points of the unit ball of7 J ( 2 £^ lo ) are the polynomials 
of the form 

±x 2 , ±y 2 , ±(tx 2 - ty 2 ±2y/t{l - t)xy), 

with t G [1/2,1]. 

Theorem 5.3 (Gamez-Merino, Mufioz- Fernandez, Sanchez, Seoane-Sepiilveda [20]). IfV( 2 C\) de- 
notes the space V( 2 M. 2 ) endowed with the sup norm over the unit interval □ = [0, l] 2 and B\j is its 
unit ball, then the extreme points of Bq are 

±(tx 2 - y 2 + 2^1 - txy) and ± (-x 2 + ty 2 + 2^1 - txy) with t G [0, 1] 
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±(x 2 +y 2 -xy), ±(x 2 + y 2 -3xy), ±x 2 , ±y 2 



Note that Theorem 15.31 is a kind on non-symmetric version of Theorem 15.21 and will be specially 
important when we are estimating the constants for m > 4. We refer the interested reader to [271129] 
for other recent work on geometry of spaces of polynomials. 

6. Estimates for Dg, <m 

First observe that V{ m P^) is a real linear space of dimension N = ( m ^ 1 ). Therefore P( m C) 
is algebraically isomorphic to R N and a natural isomorphism between Vi^P^) and M. N is given 
by R N 3 a n- P a e P(" l ^o) where P a (x) := Yl\ a \=m a a x " i g the ^-homogeneous polynomial 
on R™ whose coefficients are the coordinates of the vector a assigned to each monomial x a in a 
prescribed order. Notice too that in order to caculate the optimal polynomial Bohnenblust-Hillc 
constant for polynomials in P which we denote by Z?R. m (^), it suffices to consider normalized 
polynomials. Then 



(6.1) DM >ro (C) := sup I ^-ff : P a € P(™C) \ = sup \\H^ ■ ^a € B P( ^n )} 



where || • |j p denotes the i v norm. By convexity of || • || p (notice that here p = > 1 for all 

to e N) we also have 



Aa,m(0 = sup|||a||^ : P a G ext(B T , (m£So) )| 



6.1. The case to = 3. Let us define P 3 : -> R by 

P 3 (a:) = (a;i + x 2 ) {x% + a; 3 x 4 - re 2 ) + (xi - x 2 ) (x\ + x 5 x 6 



We have ||P 3 || =2x4. Also 



4' 




, . , , <AmII p 3||. 

\l«|=3 / 

We, thus, have: 
Proposition 6.1. 

(4 x 3) 4/6 
D R , 3 > y - ' « 2.096. 

2 x I 

6.2. The case to = 4. It is not difficult to prove that the maximum value of ^ p jj where P a ranges 
over the subspace of P( 4 ^) given by 

{ax A + by 4 + cx 2 y 2 : a, 6, c e R}, 

is attained for the polynomial Qi(x, y) = x 4 + y 4 — 3a; 2 y 2 : 

Theorem 6.2. If E — {ax A + &y 4 + cx 2 y 2 : a,b,c £ R} is endowed with the sup norm over the unit 
ball of i 2 ^, then the optimal polynomial Bohnenblust-Hille constant for polynomials in E, which we 
denote by D^^{E), is 

D MA (E) = || (1,1, -3)|| 1 = (2 + (3) 8/5 ) 5/8 «3.610. 
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In particular 

As,4 > £MO > D MA (E) « 3. 610. 
Moreover, equality is attained in the polynomial Bohnenblust-Hille inequality in E for the polyno- 
mials P(x,y) — ±(x 4 + y 4 — 3xy). 

Proof. The same argument that led us to (|6.2|) also shows that 



D MA (E) =sup{||a||| : P a G ext(B B )} , 



where ext(Bs) is the set of extreme points in the unit ball, B^, of E endowed with the supremum 
norm over the unit ball of t 2 ^. Since ext(B^) is described in Theorem 15.31 we conclude that 

D RA (E) =max{||(<,-l,2 v / l — I)||8,||(-l,t,2VT^t)|||, ||(1,1, -l)||a, ||(1,1, -3)||. : t€ [0,1]} 

5 5 5 5 

= 11(1,1,-3)11! = (2 + (3) 8/5 ) 5/S . 

□ 

6.3. Higher values of m. We consider the polynomials 

Q 4 k (x,y) = (x 4 + y A - 3x 2 y 2 ) k , 

for all fceN. Notice that ||Q4/s|| = 1 for all k £ N. Therefore, using (16.11) together with the formula 
for the coefficients of the given by (|9.7p . we can obtain estimates for -Dr^ with k arbitrary 
(see Table [1]). In fact we have: 

Theorem 6.3. IfkeN then 



where 



for j = 0, 



Dm 



4k 



> 



2k 

El** 

j=0 



8k 



HI 



fc!(-3)^ 

3 j^i\{j-m{k-j+£)V 



,2k. 



to = 8 


Dm,8 > 14.86998167 


m = 80 


-Dr.so > 3.0496 x 10 ia 


m= 12 


Dr,i2 > 66.39260961 


m = 120 


£> R ,i2o > 2.6821 x 10 2U 


to — 16 


Dm,i6 > 306.6665737 


to = 160 


£>R,i6o > 2.4320 x 10 27 


to — 20 


-Db,2o > 1442.799763 


to = 200 


Amoo > 2.2443 x 10 a4 


to = 24 


Ar,24 > 6866.770014 


to = 240 


-Dr,240 > 2.0924 x 10 41 


to = 28 


-Dr,28 > 32940.16505 


to = 280 


£>r,280 > 1-9649 x 10 4 * 


to = 32 


Ar,32 > 1-5892 x 10 5 


to = 320 


£>a,32 > 1-8549 x 10 bb 


to = 36 


-Dr,36 > 7.7009 x 10 5 


to = 360 


£>r, 36 o > 1.7582 x 10 e2 


to = 40 


-Dr,4o > 3.7444 x 10 e 


to = 400 


-Dr,4oo > 1-6718 x 10 ey 



Table 1. Estimates for Do m for some values of to. 



We also have the following representation, in the form C m , of some of these lower bounds: 
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to 




200 


(1.48509930)^ uu 


800 


(1.49 2 1 2 5 48) 800 


1,600 


(1.49357368) 1 ' 600 


4,000 


(1.49455267) 4 ' 000 


7,200 


(1.49487590) 7 ' 200 


8,800 


(1.49495333) 8 ' 800 


12,000 


(1.49504910) 12 ' 000 



6.4. Comparing the optimal real and complex polynomial Bohnenblust Hille constants. 

Let us denote the optimal constants satisfying the polynomial Bohnenblust-Hille inequality, for 
degree to and scalar field K, by Oi, m . From [9 , 33J , the best known estimates for the complex case 
are: 



(6.3) 



0C, m < 



|T (m+1) 



2 m (m!)T7; 
fn— 1 



for m = 2,3, 4, and 



1 + ^J y/m(y/5) for to > 5. 

Thus, given e > 0, there is a positive integer No such that 

Oc, m < (V2 + e) m 
whenever m > Nq. For e = 0.5, for example, it can be checked that 



D c , m < (1.464) m 

whenever m > 100. 

Hence, by using the estimates from the previous table we conclude that for m = 4fc and 



we have 
(6.4) 



200 < to < 1.2 • 10 4 



< Ob 



Let us stress that there is very little information on the comparison between Oc,m and Or iTO in 
the literature. For example, for to = 3,4, using (16.3[) . Proposition 16. II and Theorem 16.21 we have 

O c ,3 < 4.008 and R , 3 > 2.086 
Oca < H.019 and O ra > 3.616, 

and hence f)6.4[) is unknown for these values of to. 

The comparison between the optimal constants for the real and complex case in the multilinear 
case is also unknown. All that is known for multilinear mappings is that for 2-linear forms the 
optimal constant of the real case is strictly bigger that the constant of the complex case. 

If the numerical computations from the previous table hold (following its trend) for arbitrarily 
large values of to then we will probably have (|6.4|) for all to, and we conjecture that this is actually 
what happens. 
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6.5. On the optimal hypercontractivity constants. Let Hr and He represent the optimal 
hypercontractivity constants, i.e., 

Hk '•= vo£{H > : Or,™ < H m for m large enough}. 

Using Theorem 13.11 together with (|6.3p it follows immediately that 



4 Y 71 - 1 ( rnJirn+Vr^Z. 
7?) I . . ..™±i 



for m = 2, 3, 4, and 



(6.5) o R , m < < vv-y v_ r c-o- 

1 + Vm(2v^) form>5. 



Now having in mind that (l + \) k < e for all k G N and < 6 fc for all fc > 5 with 6 = y |^|, 
it is easy to prove that 

Ok,™ < (2V26) m , 

for all to G N. Observe that # K < 2 v / 2b < 3.296. By Theorem Owe have 

1.177 <H R < 3.296 
and combining this result with the estimates from Theorem 16.31 we have 

1.495 <H & < 3.296. 

(\ m— 1 m— 1 

1 + j- ) -y/ro (2\/2) is dominated by (2-\/2 + e)" 1 for any 

e > 0, the following theorem summarizes our results: 

Theorem 6.4. The real hypercontractivity constant H R is such that 

1.495 < H R < 2^2 < 2.829. 

The following problem still remains open. 

Problem 6.5. Is the hypercontractivity of the complex polynomial Bohnenblust-Hille inequality an 
optimal result? 

7. A LOWER ESTIMATE FOR Dc,2 

Let P : ^ (C) — > C be a 2-homogeneous polynomial given by 

P(zi, z 2 ) = az\ + bziz 2 + cz 2 , 
with a, 6, c € M. By the Maximum Modulus Principle we have 



\P\\ = sup{ 



az x + bz\Z<i + cz 2 \ : \zi\ < 1, |z 2 | < 1} 



= sup{|az 2 + 6ziz 2 + czf | : |zi| = |z 2 | = 1} 
= sup{|ae l2ei +be lf>1 e t02 + ce t02 \ : 9 X ,Q 2 G [0,2tt]} 
= sup{|ae l2(ei - e2) + be l(ei - e ^ + c\ : 0j - 6 2 G [0, 2^]} 
= sup{|az 2 + 6z + c| : |z| = 1} 
= sup{|az 2 + bz + c| : |z| < 1}. 
In other words, ||P|| = || (a, 6, c)||c, where 

||(a, 6, c) ||c := sup{|az 2 + bz + c| : |z| < 1} 
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is a norm on E 3 studied in depth by Aron and Klimek in [2]. Using Aron and Klimek's results on 



the geometry of R with the norm 



we can prove the following: 



Proposition 7.1. Let Eg. be the real sub space ofV( 2 £%^(C)) given by {azf + bz\Z2 + cz% : (a,b,c) £ 
K 3 }. Then the optimal complex polynomial Bohnenblust-Hille constant for polynomials in Eg, which 

1.1066. 



we denote by -De. 2, is given by Dc^{Er) = y |. In particular -De, 2 > 

Proof. Using (|6.2I) for the subset £« of ^(C) we have 

D c , 2 (E m ) =sup{||(a,6,c)||4 : \\az\ + bziz 2 + cz||| < 1} 



sup{||(a,6,c)||| : ||(a,6,c)||c < 1} 
sup{||(a,6,c)|U : (a,6,c) e ext(B Es )}, 



where ext(B^ B ) is the set of extreme points of the unit ball of Eg., namely Be r - The set ext(B^ R ) 
has been explicitly described by Aron and Klimek [2J and turns out to be 




'4M|t| 



1 



lit 



(s,t) G G 



S \ + \t\r 

t\ < 1 and \s + t\ < (s + i) 2 }U{±(l,0),±(0,l)}. Hence 

1 



s|3 + |*| 3 



4 s t 



(\s\ + \t\r 



i 



(s,t) e G 



if = + 1*1* [M\t\ (jmtw7 - 1 



for (s, t) £ G, one can prove using elementary 

calculus that $ attains its maximum onGat±^,-^j and $ (^-, — = ^/|. 

The reader can find a sketch of the graph of <f> on the part of G contained in the second quadrant 
in Figure [TJ 

□ 

Combining the previous result and the known fact that Dc,2 < 1.7431 we have the following 
result: 



Theorem 7.2. 



1.1066 < L>c,2 < 1.7431. 



8. Multilinear variants of the Bohnenblust-Hille inequality 

Although the work of Bohnenblust and Hille is focused on complex scalars, it is well-known that 
the result also holds for real scalars: 

If A is a continuous n-linear form on cq x • • • x co, then there is a constant Ck.u (depending only 
on n and IK) such that 



. i\ , ...,im = l 



<c K 
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Figure 1. Graph of $ on G intersected with the second quadrant. 



The estimates for Ck, u were improved along the decades (see [Zl[2lJ|33] ) . From recent works ( 
[TH1I32] ) we know that, for real scalars, 

Cr,2 = V2 « 1.414 
1.587 < C*r, 3 < 1.782 
1.681 < C RA < 2 
1.741 < C*e, 5 < 2.298 
1.811 < C R , 6 < 2.520 

and, for the complex case, 




« 1.128 



Cc, 3 < 1-273 
C CA < 1.437 
C c ,5 < 1-621 
C C) io < 2 -292 
C c ,i5 < 2.805. 
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The lower bounds for Cr iTO obtained in [IB] are , so the precise value for C^ m for "big m's" is 
quite uncertain. Very recently, it was shown that for both real and complex scalars the asymptotic 
behavior of the best values for Ck,n is optimal [P7] . 

The (complex and real) Bohnenblust-Hille inequality can be re- written in the context of multiple 
summing multilinear operators. 

Let Xi,. . . ,X rn and Y be Banach spaces over K = R or C, and X' be the topological dual of 
X. By C(Xi, . . . , X m ;Y) we denote the Banach space of all continuous m- linear mappings from 
X\ x • ■ ■ x X m to Y with the usual sup norm. For x\, x n in X, let 

ll(*i)? =1 lki ~ s U p{||(^))?=il|i :<ptX', M < 1}. 



If 1 < P < oo, an m- linear mapping U € C(X\, . 
II(pjx) (X\ , . . . , X m ] Y)) if there exists a constant L 



,X m ;Y) is multiple (p; l)-summing (denoted 
n > such that 




< 



•n||o 
fc=i 



for every iV e N and any a;^ € Xjt, jk = 1 
satisfying (|8.1|) is denoted by HE^H^.iv For m 
(p; l)-summing operators (see, e.g. [8lfT6]). 

The Bohnenblust-Hille inequality can be re-written in the context of multiple summing multi- 
linear operators in the following sense: every continuous m-linear form U : X\ x • • • x X m — > IK is 
multiple (^pj; l)-summing. Moreover 



, N, k = 1, . . . , m. The infimum of the constants 
1 we recover the well-known concept of absolutely 



(8.2) 



\\u\L 



\U\ 



For details we refer to [14] and references therein. 

v 

From now on if P : X — > Y is a m-homogeneous polynomial then P denotes the (unique) 
symmetric m-linear map (also called the polar of P) associated to P. Recall that an m-homogeneous 
polynomial P : X — s- Y is multiple (p; l)-summing (denoted 7 5 ( p; i)( m X; Y)) if there exists a constant 
ft m > such that 



(8.3) 




fe=i 



3 h=i 



(k) 

for every N £ N and any x y -' € X, jk = 1, . . . , N, k = 1, . . 
satisfying (|8.3j) is denoted by ||P|| ff ( p .iy Note that 



The infimum of the constants 



\P\ 



7r(p;l) 



7r(p;l) 



If P G P( m X; K) then P G £(" l Jf ; K) = II ( ^.^ (" l X; 1 



IPI 



< l8~2t 

< Cm 



P 



and 



< 171 r 

< rM 

ml 



K,m 



\P\\ 
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So, since Ck jm does not depend on X and P we conclude that there are constants L^ rn (which do 
not depend on X and P) such that 




k=l 



w.l 



Note that if X = and x^> — ej for every j — 1, ...,N, since 



we have 



(8.4) 




P(ej 1 , . . • , e.j m ) 



< u 



for every TV € N, which can be regarded as a "kind of" polynomial Bohnenblust-Hille inequality. 
Since (|8.4j) is confined to the symmetric case, there is no obvious relation between the optimal 
values for C^ m and the optimal values of Li. m . 

For m — 2 it is well-known that Cr,2 — v2- For m > 2 the precise values of CR jm are not known. 
Since 



we have 



LR m < rCi m, 

ml 



Lm,2 < 2.828 
Lr,3 < 8.018 
ijj 4 < 21.333 



In the following section we shall provide nontrivial lower bounds for L^ r 



9. Estimates for L^ m 

Definition 9.1. Let d — ( m t t™ 1 ~ ) be the dimension of the space of all m-homogeneous polynomials 
on R™. For every m,n € N, we define <& m ,n ■ K -> 1 os follows: Take a G R d and consider the 
the m-homogeneous polynomial -P a (x) = ^2\ a \ =m a a ic a whose coefficients are the coordinates of a. 
In order to avoid redundancies, assume that a = (a a ) where the coordinates are arranged according 
to the lexicographic order of the a 's. Then if L a is the polar of P a we define 



$m,n(a) := 



E 
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Notice that Lemma 12.11 allows us to write $ m n as 



»(a) = 



E 



(9.1) 



»=(«!,- 

|a|= 



E 



iMer,---,<")r 





2m "I 















Also <5 m n is, essentially, the composition of the norm in £ d 2m with the natural isomorphism 

m + 1 

between £ s ( m R") and V( m W L ). Therefore <§> m ,n is convex and by virtue of Krein-Milman Theorem 

£fi,m > iB,m CO := sup{$ m , n (a) : a e B P(me ,^} = sup{$ m , n (a) : a <E ext(B-p(m^))}, 

where ext(Bp(m^». )) is the set of extreme points of Bp(m^» i and Lg,rn C^o) ^ s * ne optimal constant 
in the Bohnenblust-Hille type inequality (I8.4[) for real polynomials in V( m £^ ). Observe that even 
in the case where the geometry of B-p(m^™ ) is not know, the mapping $> m ,n provides a lower bound 
for LR, m , namely 



(9.2) 



Lie 



> 



$m,n(a) 
UPall ' 



for all aflf 

In the following we will try to use the fact that the extreme points of Bp(™ P j 
characterized for some choices of m and n (see for instance Theorem [ 



have been 



9.1. Case m = 2. We begin by illustrating that even sharp information for lower estimates for Ctr i2 
may be useless for evaluating lower estimates for L^ 2 . For instance, if m = 2 in the multilinear 
Bohnenblust-Hille inequality (in fact, Littlewood's 4/3 inequality, [24]) the best constant is Cm., 2 = 
y/2 and this estimate is achieved (see [18]) when we use the bilinear form T 2 : l 2 ^ x £^ — > K given 
by 

la (a, y) = xij/i + xiy 2 + x 2 yi - x 2 y 2 . 
Note that T 2 is symmetric and the polynomial associated to T 2 is P 2 : — > M given by 

P 2 {x) — x\ + 2x\x 2 — x\. 

Since ||P 2 || = ||^2|| = 2, the constant L^ 2 that appears for this choice of P 2 is again \/2, which is 
far from being a good lower estimate, as we shall see in the next result, that gives the exact value 
for the constant L^ L ^ 2 (i^ X} ). 

Theorem 9.2. Lr.2 > 1.7700. More precisely, 



: t e [1/2, 1] I « 1.7700 
and the supremum is attained at to ~ 0.9147. 



Lr, 2 (i 



sup ■ 



2*3 +2 ( ^(1 -t) 



THE BOHNENBLUST-HILLE INEQUALITY FOR REAL HOMOGENEOUS POLYNOMIALS 



17 



Proof. Observe that for polynomials in "P( 2 ^) of the form P a (x,y) = ax 2 + by 2 + cxy with a = 
(a, b, c) we have 

(9.3) * 2 ,2(o,6,c) 



4 , 4 „ /c 
as +63 +2 l^- 



Using the Krein-Milman approach 

£r,2 (C) = sup{$22(a) : a G ext(B P( 2^2 o) )}. 
Now, by Theorem 15.21 ext(B-pp^2 \) consists of the polynomials 

±(1,0,0), ±(0,1,0) and ± (t, -t, ±20(1 - i)), 

with £ G [1/2, 1]. Since the contribution of ±(1, 0, 0) and ±(0, 1, 0) to the supremum is irrelevant, 
we end up with 

Lr.2 = sup{$ 2 , 2 (±(t, -t, ±20(1 -i))) : * G [1/2, 1]} 



sup 



2*3+2 0(1 -t) 



te [1/2,1] 



The problem of maximizing (explicitly) this function is quite hard and the final result is far from 
being "good looking" . The interested reader can obtain an explicit solution in radical form using a 
variety of symbolic computational software. A 4-digit approximation yields 

L K ,2 > £r,2 (£,) « 1.7700, 
where the maximum is attained at to ~ 0.9147. □ 

Remark 9.3. A very good approximation o/Lr, 2 (fix) can be obtained considering the polynomial 

P*{x,y) = x 2 - y 2 + xy, 
i.e., a = (1, —1, 1). It is easy to check that \\P a \\ = 5/4. Hence, using (|9 . 2[) we have 

\ 4/3\ 3 / 4 





(O 



> 



$2,2(1,-1,1) 



1.728. 



9.2. Case m = 4. In this section we calculate the exact value of Lr^ in a subspace of £ s ( 
Observe that the value of Lr,4 in a subspace is, obviously, a lower bound for Lr 4. 

V 

Theorem 9.4. // £? = {ax 4 + fry 4 + cx 2 y 2 : a, b, c G R} cm<i i? is i/ie space of polars of elements 

in E endowed with the sup norm over the unit ball of i 2 ^, then the optimal constant in (|8 .4|) for 

v 

elements in E is given by 



v 



2.371. 



In particular 



£r,4 > WO > iR,4(S) « 2.371. 



Moreover, equality is attained in the Bohnenblust-Hille inequality in E for the polars of the polyno- 
mials P(x,y) — ±(x 4 — y 4 + 3xy). 
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Proof. We just need to calculate the maximum of $4,2 over E, which is trivially isometric to the 
space V( 2 C\) (see Theorem IOI for the definition of V( 2 C\)). If $ = $4,,2\v( 2 a), tnen * is obviously 
convex and we have 

Lr,a > £r, 4 (elo) = sup{$ 4 ,2(a) : a <= Bv^e^)} 
> sup{$(a) : a e Bpppj} 
= sup{$(a) : a e ext(B-p(2 D) )}, 
where the last equality is due to the Krein-Milman Theorem. Now by (|9.1|) we have 



$(a, b, c) 



Using Theorem 15.31 we obtain 
sup{$(a) : a eB P( 2 D) } = 



max ■ 



1 + +6 



2 + 6|- 



2 + 6(- 



* G [0, 1] 



2+6 u , 

Observe that the maximum is attained at the polynomials P(x,y) = ±(x 4 + y 4 — 3xy). Hence we 
have proved that 



> 



2 + 6(- 



2.371, 



moreover, a better (bigger) lower estimate for Z/r 4 cannot be obtained by considering polynomials 
of the form ax 4 + by 4 + cx 2 y 2 with «,i,c£K. □ 

9.3. Higher values of m. The previous sections allow us to obtain lower estimates for Lr m for 
arbitrary large m's. In this section we consider polynomials of the form P2k(x,y) = (ax 2 + by 2 + 
cxy) k . In the following, if h £ Z, \_h\ denotes the biggest integer H so that H < h. 

Proposition 9.5. If P2k(x, y) = [ax 2 + by 2 + cxy) k , then P2k{x, y) = Y%=o A j x 1 y 2k ~ : ' with 

IIJ 

(9-4) ^ = E 



kla i b k- 3 +t c3 -2t 



t.=0 



£\(j-2£)\(k-3 + £y: 



for .1 2k. 

Proof. Using the multinomial formula: 

P2k(x, y) = (ax 2 + by 2 + cxy) k 



E 



kl 



ai ,a 2 ,c«3 >0 



ai!a2!«3! 



-a" 1 b a2 (fs x 2ai ~^~ a3 y 2a2 ^ a3 



Therefore, ;rV n ~ j = x ^i+ a3y 2 a2+a3 for j = 1 , . . . , 2k implies that 

j 2ai + a 3 = j, 
1 2a 2 + a 3 = 2fc - j, 
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which, together with the fact that ot\ + a 2 + 0:3 = k and a%, a 2 , (X3 > yield 



I Oi3=j-2a x , 
I a 2 = k-j + ai, 

with a± — 0, . . . , I . As a result of the previous comments, the coefficient Aj is given by 
Corollary 9.6. IfkeN then 



□ 



(9.5) 

where 



:2k 



> 



2k 

E 

3=0 



2k 



A; 



LiJ 



fc! (_l)fe-i+^-i+^ (2 ^ (i _ to ))^ 



£!(i-2£)!(fc-i + ^)! 
/or j = 0, ... ,2k and to is as in Theorem 1 9. H 

Proof. If P2k(x,y) = {ax 2 + by 2 + cxy) k , using (|9.1[) . (|9.2I) and Proposition 19 . 51 we arrive at 



-£«,2fc > 



2k 

E 

j=0 



A,- 



with Aj as in (|9.4p . Then the corollary follows by considering the polynomial 



2/.- 



which has norm 1. 



P2k{x, y) = {t x 2 ~ t Q y 2 + 2v*o(l - tojxy) 



Hence (|9.5[) provides a systematic formula to obtain a lower bound for L^ m for even m's. 
Observe that for k = 2 we have 



□ 



£R4 > 



2t 5 +6 



8(W*o(l-to))' 



2.1595, 



which is a slightly worse constant than the one obtained in Section 19.21 Actually, the estimates 
(|9.5|) can be improved for multiples of 4. Indeed, we just need to consider the polynomials 

Qik(x,y) = (ax 4 + by 4 + cx 2 y 2 ) k , 

with k £ N. Using exactly the same procedure described in this section 

A; 



:Ak 



> 



1 



10 



4k 



2 k- 

E 

3=0 



4fe+l 
8k 



where the Aj's, with j = 1, ... ,2k are the same as in (|9.4[) . Now, putting a = 1, 6 = 1 and c = —3, 
i.e., considering powers of the extreme polynomial that appeared in Section [9.21 we would have that 
HQ/tfcll = 1 for all k £ N, which proves the following: 
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LRAk > 



2 k 

E 

3=0 



Br, 



(S) 



fc!(-3) 



Theorem 9.7. If ken then 

(9.6) 

where 

(9.7) 
/or j = 0,...,2fc. 

As an example, let us apply (|9.6j) and (|9.7|) to obtain estimates for Le,8 an d -^R,i2- The polyno- 
mials are 

Q 8 (x, y) = x 8 - 6x 6 y 2 + llaV ~ 6.T 2 y 6 + y 8 , 

Q 12 (x, y) = x 12 - 9x w y 2 + 30x 8 y 4 - 45x 6 y 6 + 30x 4 y 8 - 9x 2 y w + y 12 . 



e\(j-2e)\(k-j + £)V 



Then 



2 + 2 



2 + 2 



8\ / 6 
2 



8\ / 11 

4, 



3.2725. 



12\ / 30 



12\ / 45 
6 



4.2441. 



For higher degrees see Table [21 



k = 4 


Lr,i 6 > 5.390975019 


k = 40 


£r,i60 > 16805.46318 


fe = 5 


^r,2o > 6.787708182 


A: = 50 


£r, 20 o > 1-5654 x 10 b 


A: = 6 


£r, 24 > 8.511696468 


A: = 60 


Lr,24o > 1-4581 x 10 b 


fe = 9 


Lr, 36 > 16.65124974 


fe = 90 


^R,360 > 1-1781 x 10 9 


k = 10 


L R ,4o > 20.81051033 


k = 100 


L R ,4oo > 1-0972 x 10 iU 



Table 2. L^,4k for some values of k e N. 



In order to clarify what the asymptotic growth of the sequence (Lr^/c) keN is, a simple calculation 
of the quotients of the estimates obtained in Table [2] for higher values of k indicates that the ratio 
of the estimates on Ljg.Mk+1) and L^^k seem to tend to |. 

As we have seen, in the real case we were able to deal with the case m > 2 even in the absence 
of information on the geometry of the unit ball of T > ( m £'^ ). However, in the complex case the 
technique seemed less effective for m > 3. In order to obtain lower estimates for -Dc,m, with 
m > 3 and sharper estimates for -Dg lTn , we believe that some effort should be made to obtain more 
information on the geometry of the unit ball of P( m (^o) for higher values of m,n. We certainly 
hope that the present work may serve as a motivation for future works investigating the geometry 
of the unit ball of complex and real polynomial spaces on . 
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